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Abstract

In this paper we outline and evaluate a simple technique for
analyzing the ability of a model to reproduce an oscillatory
behavior mode. The technique consists of using a model as a
predictor, and then performing spectral analysis on the
prediction errors. The technique is referred to as the spectral
analysis of residuals or SAR test. The paper motivates the use
of prediction residuals and illustrates the technique with a
simple model of inventory oscillation. The SAR test appears to
yield a substantial amount of information about the performance
of a model. However, the technique breaks down if the observed
behavior is a result of the system being subjected to shocks with
similar dynamic characteristics to the system output or if the
system has more than one set of mechanisms generating the '
behavior of interest. The SAR test is not capable of
distinguishing between models which can explain the behavior
equally well using different state space representations.
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Introduction

The process of model building in System Dynamics involves
the consideration of the behavior modes of the system being
modeled. The reproduction of these behavior modes is considered
to be an important part of the model validation proéess [1]. The
evaluation of the model's ability to reproduce behavior modes is .
difficult and requires a great deal of time consuming analysis
of model output. The purpose of this paper is to present one
statistical aid for behavior-mode verification. The use of
statistical tools can increase both the efficacy of behavior-mode
vaiidation and the ability of the modeler to communicate

validity.

Validation in System Dynamics modeling has been the focus of
a good deal of criticism of the field [2]. The responses to this
criticism have been varied. The strongest defense of the
existing validétion techniques in System Dynamics has been the
inébility of proposed alternatives to adeguately deal with the
problem [3): However, there has been some work done to develop

statistical technigques for the model validation process.
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Peterson [4,5] advocates the use of system identification
techniques developed for engineering models. Sterman [6]
considers the use of statistical tools not for the determination
of model structure, but for the comparison of the model with
observed data; This paper is more in line with the latter

app;oach.

In this paper we concentrate on the validation of a model's
ability to reproduce oscillatory behavior modes. Much of what
will be said regarding the validation process in this special
case does have more general applicability. We concentrate on the
single behavior mode validation because it helps in the
motivation of the approach chosen. The aspects of the approdach
which generalize will be discussed in the conclusions. These
geperalizations are areas in which research is currently being

done.

This paper is organized as follows. 'We first discuss the
value of considering the spectral density of a time series when
evaluéting the dynamic characteristics of that time series. We
then motivate the use of model prediction residuals as the
appropriate data for testing. The proposed testing technique is
then sketched out. The situations in which the proposed test is
and ié not useful as a diagnostic tool are then considered.

Finally, areas that warrant further research are indicated.

4

Oscillations and the Power Spectrum

To facilitate discussion of oscillatory behavior modes we
will consider a very simple model which has an oécillatory mode.
This is the workforce/inventory oscillator [7,8]. The model Qas
simplified to a second-order model and written in linear f?rm.
The model is of interest because of the importance of
inventory/workforce interactions in the business cycle [8]. The
model equations written in DYNAMO are given in Figurevl. A noise
term is introduced into the workforce level and is meant to
represent the randomness of the results of advertising that jobs
are available, and unpredictable variations which occur in the

number of quits.

When subjected to a 10% step increase in orders the model
yields a production rate that displays damped oscillatory
behavior as can be seen in Figure 2. However, when the model is
subject‘to a noise input, as in Figure 3, the oscillations are
no£ as easy to analyze. The reason for this is the ability of
the noise to generate cycles of different frequencies when viewed

in the time domain.

An alternative way to view an oscillatory pattern is in the
frequency domain. This is done by taking the Fourier transform
of the model output [9]. What the Fourier transform contains is
information on the frequencies that dominate the model behavior.
Using the fourier transform the power spectrum for a time series

can be obtained. The power spectrum for the workforce inventory
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Equations -
A P.K=WF.K*PROD - Production (output unitsv per month) _ \ Production (units per month)
L WF.K=WF.J+DT*CWF.JK - Workforce {workers) ' 11¢.0 . . -
N ,WF=OR.K/PROD ' . _ ' o . ' v .
R CWF.KL=(DWF.K-WF.K)/ - Change in workforce (workers per L
. month) . ’
X TAWF+NOIS.K ' 105 .0'
A DWF.K=DP.K/PROD - Desired workforce (workers)
A DP.K=OR.K+IC.K - Desired production (output units per »
month) . "
A IC.K=(DI.K-I.K)/TAI - Inventory correction (output units per ) [
month) 100.0[
A DI.K=DIC*OR.K - Desired inventory (output units) ' 0 8 16 24 32 ) 40 T4
L I.K=I.J+DT*(P.J-0.J) - Inventory (output units) ' ' Time (Quarters)
N I=DIC*O ) - o v Figure 2 The response of the workforce/inventory model to a 10% .
. increase in orders.
Constants : % 1e5.9 - T 1 1
C PROD=1 - Productivity (output units per month per - ' o :‘ Production (units per month)
worker) J h
C TAWF=12 - Time to adjust workforce (months) 108.0§ . /ﬂ¥ Jr!
TAI=6.5 =~ Time to adjust inventory (months) . *
C DIC=1 -~ Desire iventory coverage (months) ) : :
99.0f } )/
Exogenous inputs - 1>
A NOIS.K=NORMRN(O,1) ' - Noise (dimensionless) ) : ’ : : \
A OR.K=100*(1+STEP(SS,ST)) =~ Orders (units per month) o : '
96.0 l
L H \
s3.0ef .
0 8 . 16 24 32 40 8

Time (quarters)

Pigure 3 The response of the inventory/ workforce model to noise
in the hire fire rate

Figure 1. Simple Workforce/Inventory Equations
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model output of Figure 3 is shown in Figure 4. The horizontal

axis ;n Figure 4 represents the frequency (per month) at which
the tendency of the model to oscillate is being evaluated. The
vertical axis represents the power, or the tendency of £he model
to show oscillations at that period.  The peak in the power
spectrum corresponds to the period for which the system is most

oscillatory.

A 1 1 T ]

e Log of power spectrum for production

: WA

.002 .02 .04 .06 © .08 10 .12 4
’ : Frequency (per month)

Figure 4 Power spectrum for inventory/workforce output shown in
Figure 3.

The peak in the power spectrum of the model output occurs at

a period of approximately 50 months. The spectrum gives

information about oscillatory tendencies in a clear form not

available from the observation of the noise run shown in Figure
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3. For a real system the only time-series available will be
those corresponding to noisy runs. The analysis and comparison
of the oscillatory tendencies of actual data and model output is

much easier in the frequency domain.

senge [10] used this technique of translating time-series
into the frequency domain in the comparison of model generated
output with available data on investment. The comparison of two
time-series in the frequency domain is much easier than is the
comparison in the time domain. The reason for this is simple.
Different noise inputs generate different outputs, but when
translated to the frequehcy domain the similarities of the
dynamics are preserved. This can be clearly seen in Figure-5 and
6. Figure 5 represents the simple inventory model run under two
different noise seeds. The noise for the two runs has the same
statistical characteristics, but different actual values after

H
time ty - The two series are clearly different in the time
domain after the noise seed changes. Figure 6 represents the
power spectrum of the model output for each noise input. Unlike

the model outpﬁt, the spectra are almost the same.

There are, however, shortcomings to this approach. Two
models with different parameters can produce similar spectra.
Consider for example the choice of model parameters which will
geserate oscillations of the same period, but with different
degrees of damping. This can be accomplished with the inventory

oscillator by changing the time to adjust inventory from 12.0 to
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Figure 6 Power spectra for inventory/workforce model output

shown in figure 5
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-8.0 months and the time to adjust workfdrce from 6.5 to 8.4
months. This changes the damping ratio from .73 to .97. The
power spectra for the two models are, however, quite similar as

can be seen in Figure 7.
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Figure 7 Inventory/workforce power spectra for two values of
' adjustment times

There are two ways to get around the problem of different
models generating‘very similar output. The first is to perform a
more quantitative analysis of the spectrum. It is possible to
construct statistical tests fof the equivilance of two power
séectra over limited frequency ranges [li]. The alternative
approach is’ to evaluate the model in terms of its>ability to

explain the actual data. The major disadvantage of the first
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approach is that it requires the specification of a selection
criterion at an early stage in model evaluation. The second is
somewhat more Aifficult to implement, but has the advantage of
being useful in a number of different contexts. It is the second

which we will pursue.

Model Prediction Residuals

In Industrial Dynamic [7] Forrester points out that two

models with identical structure can, when subjected to different
noise inputs, display substantially -different time paths. We

have seen above that in the frequency domain these differences

are lessened. But we have also seen that in the frquency domain
the differences that actually exist in a model can also be
hidden. 1In order to get around this problem it is useful to-
consider the output in the time domain and consider the question:
Is there a time interval over which the point by point comparison
of model output is. informative? The answer to this question is
yes and the reason for this is simple. if two models are doing
the same thing up to time t, then the models will probably be
very close right after time t. This is true because any noise
entering in must be integrated before it will have any effect on
the system. In the noise runs of Figure 5 the noise entering was
identical to the point tl. Close inspection will show that
shortly after ty the two model output paths are quite close. It

is only later that the divergence occurs.

Thus while it is true that System Dynamics models are not

12
good point predictors, they can do quite well for a short
interval of time. This is generally true, and forms the basis
for generating many useful statistics on model performance. We
need to consider the ability of a model to predict conditioné in
the very near future. The closer we are to the last poini of
model/system coincidencé the greater the model's ability to match

the actual system state.

The problem of determining the short term prediction error
can be stated as follows: If we have a set of predicted system
states which are the best possible at time +t , and if we have an
observation at t+d of a number of the states, theﬁ what is our’
best prediction at t+d of all of the states? The obvious”
solution is to integrate the model of the system from t to t+d
and look at the output. If the predicted outputs are the same as
the observed then the model states at time +¢t+d are probably
correct; If, however, the two series diverge, then it is likely
thét the model at time t+d has incorrect estimates of some of

the states.

We can use the difference between the predicted and observed
output to tell us which way the states are off. If, for example
we observe that inventory is 10 and the model predicted 9 then
the inventory level should probably be adjusted upward. 1In
adéition the éisparity between predicted and actual inventory
levels might indicate that the workforce level was predicted

incorrectly. The question of how much to adjust which level was
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answered by Kalman in the now famous Kalman filter [12].

The above outlines the technique used for generating the

prediction errors. The errors thus generated can be used for

other purposes and form the basis for .the estimation technigques

as discussed by Peterson [5]. This approach of generating

prediction errors is necessary for any rigorous statistical

treatment of model behavior. Unless the state is updated in such

a manner comparison of model and system output is of limited use.
As Richardson [1] and Forrester,[?j-have pointed out, a constant
will often, if not always, do better than a simulated model in
predicting exact states.

S

AR Test

o

We have seen that different models can generate similar

spectra. The purpose of the filtering of the data to get
prediction residuals is to bring out more fully the differences
between models or between a model and a gystem. If the wrong

model parameters are used to explain the data then how do the

residuals reveal these errors in the model parameters? As in the
case of the model output the best way to analyze error
characteristics is in terms of their spectral density. This

technigue will hereafter be referred to as the spectral analysis

of residuals or SAR test.

The SAR test can be performed to judge the ability of a

model to explain a data series. In Figure 7 we saw the power

-1,7
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.spectra for two workforce/inventory models under different
adjustment time choices. Calling the model with TAWF=12 and
TAI=6.5 the "true model" we can éonsider the ability of the
incorrect model to explain the true model. Usihg the model with
the wrong parémeters to explain the data series generated by the
correct parameters we have used the Kalman filter to generate
prédiction residuals. The power spectrum of the residuals is
shown in Figure 8. The residuals using the correct model to
explain model output also have their spectrum plotted in figure
8.

The two spectra show the difference between the two models.

Using the incorrect model to explain the data yields residuals

which show strength near the frequency of interest. This is an

indication that the model has failed to explain some component of

this behavior mode.
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.

TAWF=12.0 TA

M

"

Log of power spectrum for residuals
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Figure 8 Power spectra for residuals when the inventory/
workforce model is used to explain output
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To summarize, implementating the SAR test requires

1) The existence of a model.

é) Using the model to get the best one observation ahead
predictions for observed time series.

3) Creating residuals by comparing the predicted time series
with the observed time series.

4) Considering the power spectrum of the residuals.

Evaluation of the SAR Test

We have developed a methéd for looking at a model's ability
to reéroduce an oscillatory behavior mode. The metﬁod is simple,
and ig informative in situations which might naturally be
expecied to be encountered. In addition, the technique has
avoided the obvious problems that simpler techniques might
encounter. When is this model evaluation technique capable of
yielding information about model performance? The
chﬁracteristics of the SAR test were evaludted primarily through
synthetic data experiments using variants §f the workforce
interested reader is referred to [13]. The results of this

evaluation are summarized below.

to reproduce the observed dynamics, or to mislead the modeler
with regard to what the system is actually doing. These

situations are certainly related and the distinctions are drawn

inventory model. For details on the types of tests performed the

There are four situations in which a model is likely to fail
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essentially for convenience of discussion.
1) Though the model is accurately reflecting the processes
of concern, the noise process effecting the system is
different from the noise process modeled.
2) The model has the wrong set of parameters.
3) The model and the processes of concern are of two
different orders.
4) The model may be representing processes which areknot in
fact active in the real world. ‘

THese four cases will be taken up in order.

Ideally models should explain behavior with noise acting
only to excite or add energy to models. Unfortunately this is
not always the case. The noise entering a system often has
dynamic characteristics of its own ‘and these dynamic
chéracteristics can be transferred.to the system output yielding
substaﬁtially more complicated dynamics than the system of
interest would generate. This situation arises because it is
necessary to limit model boundaries in order to say something
interesting. Treating cgrtain processes as noise for the purpose
of a model is a valid modeling technique. It does not, however,
guarantee that the system and model dynamics will match in every

respect.

The SAR test is insensitive to the characteristics of the
noise entering the system in the following sense. " If the dynamic

characteristics of the noise are different from those of the
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system, then the SAR test will not indicate the presence of
systeﬁ dynamics in the residuals. To make this clear suppose
that the noise entering a system has an annual cycle. Then the
residuals will contain this annual cycle. As long as the model
does not have an annual cycle as a reference mode, the SAR test

will favor the model.

The case in which the system and noise do have similar
characteristics (an annual cycle in the above example), is more
dificult. There is an essential séﬁse in which the noise and
system cannot be separated or identified. The SAR test cannot
tell that this is the problem, but combining the SAR test with

other tests might yield more information.

Models may have wrong parameters, but be correct in other

respects. This is the situation in the plots of Figures 6 and 7.
The two models are the same except for the choice of parameters.
Thé spectra of the residuals are distinct.’ The technique is able
to distinguish models with wrong parameters from those with
correct parameiers. This is true of both the special case
considered above in which the model has the same natural
frequency as the data and the cases in which the two frequencies

differ.

Models of processes are normally of a lower order than the
processes themselves. Lower order models fill the need to have

relatively simple and understandable models. On the other hand,

18
the effect of this approach to modeling is to have models with
substantially simpler dynamics than the processes they represent.
The problem in model validation becomes one of showing that the
model reproduces the dynamics of interest. This problem is
intensified because it is desirable to show that the dynamics can
be produced not only by a simple model, but by a simple model
witﬁ a counterpart in reality. The reproduction of dynamics by
simple models can always be accomplished by the modal
decomposition of a system [14]. However this decomposition will
not necessarily yield a model which has an interpretable state

space representation.

The application of the SAR test to models attempting to
explain higher order behavior is quite informative. The
residuals tend to be lacking power in the frequencies which the
moéel is designed to explain. There can, of course, be some
problems if there are two mechanisms generating similar dynamics.
Under these circumstances unless both mechanisms are incorporated
into the model the SAR test will always indicate that something
is wrong. Such a situation is very similar to the case in which
the system is being driven by noise which is dynamically similar
to the system output. The separation of the two processes may

not be possible.

The final case which needs to be considered is a situation
in which a model.is attempting to explain the behavior of a

system on the basis of the wrong relationship between variables.
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An example of this would be the use of the multiplier/accelerator
model.to explain inventory/workforce dynamics. Under the
appropriate parameter choice the two models can be constructed to
have the same inherent dynamics. The two models are using
different transmission mechanisms and different state variables

to explain the same process.

It_is not possible to distinguish between two such models
using a SAR test or any other simple analysis of modei fit. It
is necessary to look much more cloéely at the interactions
between the states in this situation. The reason for this is

that there are an infinite number of state space representations'

of the same process. All are capable of generating the dynamics,
but ﬁormally only a few have any meaningful interpretation. The
discrimination between these few will require either more data or
a closer look at the available data. Such thiqgs as the implied

phase relationships between state variables can potentially yield

information about the validity of a model.’

Extensions of and Alternatives to the SAR Test

This last problém helps to point the way for future research
in the area of statistical validation of dynamic models. It is
clear that the use of a single time series can yield only a
limiéed amount of information. Normally models have a number of
obsefvable variables associated with a given behavior mode, and
the simultaneous. analysis of all of these seems appropriate. The

procedures developed in this baper do have some applicability to
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the higher dimension cases.

The most obvious extension of the SAR test is to conduct the
same test in higher dimensions. The consideration of phase
relationshipsAcan be equally well accomplished in the freﬁuency
domain by considering cross spectra. Cross spectra yield
information about the phase.shift and the strengh of coupling of
two time series at different fregquencies. The cross spectra for
different model outputs can be compared to the observed cross
spectra of the data. As with the single spectrum it is probably
misleading to look at only model generated output. The use of
the prediction residuals can again be helpful in the
determination of model validity. The spectral analysis of
prediction residuals gets at the notions of period, damping and
phase relationships. These are all important elements in the

model validation process.

A related but distinct way [15] of analyzing the dynamic
relationships between different variable is in terms of their
Granger causality [16]. The techniques developed by Sims [17]
for determining causality, are easy to implement. A test of
Granger causality of variable A on variable B essentially
tests whether variable A contains information not in variable
B which will help to predict future values of variable B. If
va?iable A does contain such information then variable A is
said ‘to Granger cause variable B. This type of test could be

run on model output when the model is excited by noise inputs.
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The notion of prediction residuals is probably not appropriate

for this test.

There are a wealth of techniques for dealing with time

series [18]. However, when used in isolation many of the

teéhnlques in the literature on time series seem to lack the
ability to inform us about reality . But these techniques, when
used inhthe context of understanding how a model relates to the
systeﬁ of interest they can be guite useful. ARIMA and vector
autoregressive models constitute the natural reduced form models
against which a dynamic structural model can be tested [19]. 1In
addition such "black box" models can potentially form the basis
for jﬁdging structural models in terms of their dynamic
charaéteristics. One possible technique would be the
consideration of the ability of the structural model to account

for the modes of interest in the reduced form model.

Cohclﬁsion -

In this paper we have outlined and evaluated a simple
technique for énalyzing the ability of a model to reproduce an
oscillatory behavior mode. This technique appears to yield a
substantial amount of information about the performance of a
model However the technigue breaks down if the observed
behavior is a result of the system being subjected to shocks with
similar dynamic characteristics to the system output or if the
system has more than one set of mechanisms generating the

behavior. The SAR test is not capable of distinguishing between

22

models that can explain the behavior equally well using different

state space representations.

The SAR test should be considered as one in a series for
evaluating mdél performance. Failure of the model when the SAR
test is applied is a strong indication of problems. Good
performance under the SAR test is yet another forward step in the

long validaticon process.
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