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ABSTRACT

In previocus work, the analysis of the effects of aggregating simple dynamic
systems has been studied by applying methods developed for thermedynamic
systems in order to take account of stochastic effects. This appreoach is
based on the Master Equation for the probability density of the contents of
‘a vector of system levels. The goal of these studies is to determine the
dynamic characteristics of systems composed of a population of sub—systems
with the same dynamic structure while accounting for wnovel behavior that is
intreoduced by the process of aggregating the sub-systems into the larger
system.

In this paper, the Master Equation analysis is applied to four vercsions
of a Commodity Cycle model to determine the nature of . modes of
-behavior that arise from the process of aggregating a population of
. entities whose dynamic structure is derived from the oscillatery
structure of the commodity cycle mcdel. The approach used here is novel
in two respects. It contrasts with the more recently develeped
analysis of chaotic systems in which non-linear, aggregate or lumped -
parameter models generate behavior that is unpredictable while not
being stochastic. In those models, no attempt is made to explain- the
large-scale or aggregate chaotic behavior in terms of the sub-systems.
Compared to previous work in the same vein, this paper addresses itself
to a slightly larger model as part of a mnatural  pregression in  the
analysis of ever-more complex systems by Master Equation methods.

INTRODUCTION

One of the fundamental problems underlying the analysis of complex
systems is the relaticnship between the structure and behavicr of the
aggregate system and the structure and behavior of the sub-systems
which comprise the larger system. In previous papers on this theme
{Rahn 1985, Rahn 1983), the author has propesed an approach based on an
interpretation of the system dynamic eguations as representing the
lowest order term in an expansion of the Master Eguation for the joint
probability distribution of the levels comprising the system state. The
result of the expansion is a consistent treatment of the equations for
the most-probable evolution path of the system and for the mean and
variance of fluctuations about this path {(van Kampen 19461, Tomita et al
1974, Portnow et al 1976).

The present papér applies the same methods to four small medels of the
behavioer of commodity cycles {(Meadows 1970, Goodman 1974). These
models all include an opscillatory structwe but differ in  their
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treatment of non-linear structure, number of levels and nature of other
loops {(minor and major). The analysis of these models completes
another step in the research program proposed in {(Rahn 19835).

fAs in the previously mentioned analyses, some general characteristics
of the method are demonstrated. For examples, to lowest order in the
expansion scheme used, the fluctuations about the mest probable path
behave similarly to the macroscopic system. That is, in linear systess
the eigenvalues of the fluctuation equations are the same as for the
most-probable path; in non-linear systems, the variance of the
fluctuations grows during periods of expansion or local instability and
stabilizes when the macrocsopic system reaches equilibrium. More
detailed evaluation of the characteristics of the fluctuations is
reserved for the discussion of each case.

MODEL I

The first mcdel is composed of two levels representing mature and juvenile
stocks of animals linked by a maturation delay. The hirth rate of juveniles
is an increasing function of the market price for mature animals and is
proportional to the number of mature animals. The. consumption rate of
mature animals is a decreasing function of the market price and proporticnal’
‘to the (constant) population. The equations of the model in differential
form are: '

Y = -mY + FERN*FBRM(P)#A JUVENILES h

A = mY - POP*PCC(P) ADULTS

P{A) = p - p A MARKET PRICE o
FBRM(P) = b +b P FRACTIONAL BIRTH RATE MULTIPLIER

PCC(P) = ¢, - c,P PER CAPITA CONSUMPTION

In this forms non-linear table functions for P, FBRM and PCC are linearized
about the current value of the level vector. The factor m in the dynamic
equations is the reciprocal of the maturation delay time. Substituting
single symbols for complicated combinations of constants, we can urxte the
dynamic egquations more simply as:

2

Y = ~mY +ylh ~ yeA

- {2)
A

my - alﬁ - ao

To interpret these equations as defining a stochastic birth and

death process, we define a set of elementary tragsitions or changes in the .
number of Y and A elements and the associated probabilities of such
trans:txons. In this model, it is natural to specify that the transition
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that removes one unit of Y {by maturation) simultaneously adds one unit to
As i.e. the transitions are not independent of each other. With this
spacification, we have the tramsition table shown helow where x is the
vector of levels {Y,A) and &x is the transiticn vector. )

Transition Prohability wix.ox}
BY =+ L,6= 0 yA-yA

&Y =  G6A = + 1 ala+%

SY = - 1,68 = + 1 ay¥

From these specifications, we derive the macrosopic rate of’change for the
most-probable path (maximum of the distribution of the state vector, yl:

C1(13 = T T SYulybx) —mY + ylh - yeAa ‘
E5h &Y {3}
T 3 Shmly6x) mY — alA -3,
SA &Y :

We see that the macroscopic eguation reproduces the priginal system
equations as expected. From equation 3, we can derive the system matrix
for the mean of the fluctuations, u: '

K, = T R B Yy T BV | t4)
By )

m - a

1

The_system matrix for the variance—covériaﬁce matrix of the fluctuations'is'
Ffound from the eguation:

 do Ko+ tKe) +D _ - =)
dat | : |

" where D is the satrix of second moments of the transition probabilities and

"is a function of y, the state vector of the most-probable path.  The
-characteristics of the mean and covariances are summarized by the
eigenvalues of the corresponding system matrices. For the mean, we have
the characteristic equation:

KE+(al+m)h+m(a

1—(y1—2y2A))%Q . = (6)

from which we see that there are oscillations iff

2 ' 2, o au ‘
£ - : Ldym
tagm)” can(a,~ty,~By,A)) or (a,~w) amiBy Ay, ) v N
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and there is an unstable root if

—lm(al - (y1 - EyEA)) > Q

or equivalently if

The numerator of the right-hand inequality can be re-written in terms of
the orginal model variables as:

FBRN.(b, + b .po) > POP.c

o¥ %y 1°Py

This latter relationship states the reasonable condition that unstable
growth modes can occcur if the birth rate is greater . than the consuaption
rate while the limit on the size of the mature population means that the
instability will be limited by the growth of the mature population level.

For the covariances, the eigenvalue equation is

I+ a, tat M + 2m¥(N + 2a,) ~ hnda] =0

1
whose splutions are:
2 17
= - = - +
A (a1 + m); A (a1+m)_£(al+n) +4nda]

where de = yl—EyEA

2

Comparison of this result with equation 7 shows that the condition for
oscillations to occur is less restrictive for the mean than for the
covariances of the fluctuations. Ue see also that the covariances are
unstable if ) :

Q< ﬁmda = 4m(y1—2yaﬁ) < hm(y1~yeﬁ)

i.e.y instability may occur only for small values of the wmature
population, at which time the system is in a growth phase.

MODEL. 11

The second model is a simplified version of a commodity cycle model in
{Boodman 1974)3; the main simplification consistis in suppressing the use of
an expected market price in favor of the market price itself. This
-modification eliminates a delay and thus a minor negative loop. The
dynamic equations are: '

PC = {DPC - PC)/CAD PRODUCTION CAPACITY

DI = PR - CR DISTRIBUTOR’S INVENTORY

DPC = do + le DESIRED PRODULTION CAPACITY 187
- PR =PC PRODUCTION RATE

CR = PQP.(C0 - CIP) CONGUMPTION RATE

P = By ~ pgD! MARKEY PRICE
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After substitution we get the system eguations for PC, DI:

P? = (d0+d1(po—plDI)—PC)lCAﬂ

DI = PC - PﬂPatcg~c1(p0~p1D13)

{9

In this model the transitions of PC and DI are mutually independent. ne -
pther feature of interest is the fact that the single tsrm in the rate of
change of PC can be positive or negative so that allowance must be made for
this possibility in the specification of the transition probabilities. it
will be seen that this feature has no effect on the characteristics of the
dynamics of the mean ard covariance of the fluctuations.

Transition Probability u(;»éi)

SPC = + 1,801 = O 'p(PC(DPC)(dO 1(po--pibl)—PC)ICAD
SPL = = 1,6D1 = O p{PCXDPCI(PC~ (do l(po—plbl))ICAD
SPE = 0y, &DI = +1 PC

SPC = 0, &DI = -1 POP. (co—cl(po—plbl))

The vector of the macvoscopic rate of change reproduces the iinearized
system eguations since the sus of the probabxl;txes'

p{PC<DPC) + p(FCYDPC) =

The system matrix for thefmeaﬁmof the Tluctuations is:

Kij - -1/CAD ~ﬁ1piICAD
1 —PDPc191

From this matrix we can deteramine that the Tluctuations are always stabie
and if there are oscillations, they are at the sase frequency as - the
macroscopic system.

. For the variance—covariances of the fluctuations, the pigenvalue equatxon
is a cubic:

:{A+P0Pclpi+1/€ﬁn)i(k+EICAD)(A+E,fBPc1pl)+4d1p1/EAD]=0 | (10

We note that thxs eruation factors ints a real, negative root and a
gquadratic term as in Model I and as in the Workforce-Inventory model in
{Rahn 1983) in spite of differences in both the dynamic and the
stochastic models. The robustness of this feature is due to the linearity
of the underlying models. By substituting in equation 10s k'

a = t/CAD
b= F’DPclp1
n= JCAD

dypy
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. we can re-write it as .
{A+ath L {A+R2a) (N+8b)+4DY = 0 o {11)

whose soiutions are:
Ay = - lash)
A, = ~tath) % Llat)® —4tabem1M® = _au = Ha-m® - st

The mean and covariance components decay exponentially with or without
pscillations under the same conditions as the macroscopics, linear aodel.
This result was first derived for the tase of a linear Workforce-Inventory
medel in (Rabn 1983).

MGDEL IXX

The third model is a simplification of the generic commodity cycle model
presented in  (Headows 1970). The main simplification consists in
eliminating the expected consumption rate function (a delay) in favor of
the consumption rate as a function of market price. The main difference
with respect to the previous model is the inclusion of the expected market
price as an explicit level sp that the model has three levels. The dynamic
equations in differential forms are: )

PC = {DPC - PC)/CAD — PC/ALPE PRODUCTION CAPACITY

DI = PR - CR : DISTRIBUTOR INVENTORY

EP = (P - ER)/EPAD EXPECTED HARKET PRICE

P = PIDI) = pop, DI - MARKET PRICE .
- DPC = d+d EP DESIRED PRODUCTION CAPACITY  (12)

PR = PC ' PRODUCTIOM RATE

CR = POP#PCC(P) . CONSUMETION RATE

PCC = ¢ P PER CAPITA CONSIMPTION RATE

After substitution of the linearized forms of the table functions im
equation 12 we get the sysiem eguations:.

PC = (do%dlEPwPC)/CAD - PC/ALPC
DI = PC -~ POPx{c .~ (po-plbl)}
EP = ((po—plbl) - EP)/EPAD

078

The transitions are again considered to be wmutually indepehﬂent and mwe
propose the following stochastic model: .
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Transition . Probability wix,5x)
8PC = + 1,801 = 0,5EP= 0 PPCLDPE) (d j+d, EP-PC) /CAD
SPC = - 1,8D1 = 0,8EP= 0 p(PC>DPL) (PC-d, -d EF)/CAD+PC/ALFC.
SPC = 0, &DI = +1,8EP= O <
SPC = 0y &DI = ~1,8EP= 0 POP. {c ¢, (p,—p,DI))
SPC = 0, &D1 = 095EP= 1

 plEPLP) (po—plDI—EP)IE_FAD
SPC = 0y, &DI = Q,8EP=-% p(EP)P)(EP—pO-!-plDI)!EPN)

The macroscopic rate of change, c‘(y), reproduces the linearized system

equations for the same reason as in Model II. The system matrix for the
mean of the fluctuations is:

~1/CAD —~ 1/8LPC o d, /CAD
~ 1 —P(}Pc:lp1 0
K..=
13 .
0 -, /ECAD ~1/ECAD

The eigenvalue equation for the mean fluctuation, My is8
A+ 1/CAD + 1/ALPCIH(N + chlpl)()\ + 1/EPAD) - D = 0

Thé eigenvaiuve equation for the variance-covariances is a very cbnplicated

sixth order polynosial in factors of (A+...) whose constant term is -SDE.

For both the sean and variances, the constant %erm acts to perturbh the
negative eigenvalue of smallest absolute value in the direction of less
stability, towards smaller absclute values or even to destabilize it. The
constant ters,; by shifting the eigenvalue function vertically downward, may
cause some real rgots to coalesce in complex conjugate pairs which are
stable. ’ : .

MODEL 1V

The final model is another simplification of the generic commodity cycle
model in (Meadows 1970). . In this version, the expected market price is
replaced by the market price and the expected consusption rate is included
in order to have an explicit non-linearity in the dynamic sguations:

PC = (DBPC~PC)/CAD -PC/ALPC PRODUCTION CAPACITY

DI = PC - POP#PCC(P) DISTRIBUTOR INVENTORY

ECR = (CR-ECR)/ECAD EXPECTED CONSUMPTION R&TE
P = P(COV/DCOV) = po—pIDI/ECR HARKET PRICE

PCC = co-—cl(po-pIDI/ECR) FER CAPITA CONSUMPTION RATE

DPC = dQ+d1P : DESIRED PRODUCTION CAPACITY
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The system satrix for the asan of the fluctuations is

-1/CAD-1/ALPC "DI DIDI/ECR
i —P1 PIDIIECR
Kij = 1] PliECAD —(PIDIIECR + 1)/ECAD
where N
’ Dl = dlpll(ECR.CAD); P PGPc IECR

The stability of the fluctuations is determined by a complicated cubic
whose constant term is ’destabilizing® in the sense mentioned previously
for Model 1115 i.e. the real, negative root of smallest absolute value is
displaced to the right by the downward shift imposed by the constant ters.

CONCLUSIONS

in all of these cummodzty cycle models except Tor Model XX, there is a
possibility for the mean and/or  the variance—covariances of the
fluctuations to become unstable. Such a development should make itself
evident as a modification of the macroscopic behavior mode unless other
factors such as non-linearity disrupt the behavior expected on the basis of
the foregoing analysis. The modest rvange of models that has been
presented in this series of papers indicates that there are sose
 situations in which fluctuations may grow exponentially. It remains to
verify these possibilities by simulation.

Models of third order for the mean of the fluctuations about the
most-probable path seem to be at the lisit of intuitive analysis especially
as regards the evelution of the variance-covariances which give a sixth
order polynomial for the eigenvalue eguation. Further effert to analyze
more realistic models will require more powerful tools.
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